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| Position Error | Orientation Error
Diameter | Slope Intercept Std Error R? | Slope Intercept Std Error R?
2 0.013 0.024 0.004 0.206 -1.214 0.012 0.003 0.227
4 0.025 -0.586 0.004 0.490 -1.583 0.024 0.003 0.503
8 0.033 -0.727 0.004 0.454 -2.196 0.047 0.004 0.588
16 0.057 -1.196 0.004 0.428 -1.828 0.044 0.005 0.274

Fig. 3. Empirical Position and Orientation Accuracy for Separate Magnets. (A) Orientation and normalized position errors are plotted versus the
normalized average distance from each magnet to all magnetic field sensors, for 2 mm, 4 mm, 8§ mm, and 16 mm diameter magnets (shown in blue, orange,
red, and cyan, respectively). For each magnet, the position errors and the average distances are normalized by dividing by the magnet’s radius. These errors
represent the errors from a single magnet being tracked. Linear regression information on the common log of the errors, with standard errors, is supplied to
describe the variance of the data. (B) A representative five-second time interval is shown when tracking an 8 mm diameter magnet (shown in blue) versus

motion capture (shown in orange).
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| Position Error | Orientation Error

Magnet | Slope Intercept Std Error R? | Slope Intercept Std Error R?
a 0.050  -0.929 0.013 0.257 | 0.056  -2.135 0.012 0.274
b 0.061  -0.986 0.010 0.440 | 0.062 -2.12 0.011 0.418
c 0.038  -0.593 0.014 0.146 | 0.059  -2.251 0.016 0.246
d 0.068  -1.349 0.016 0.356 | 0.052  -1.977 0.013 0.240

Fig. 4. Empirical Position and Orientation Accuracy for Four Magnets
Tracked Together. For four 8 mm diameter magnets tracked simultaneously,
the orientation and normalized position errors are plotted versus the normal-
ized average distance from each magnet to all magnetic field sensors (blue,
orange, red, and cyan for magnets a, b, ¢, and d respectively). For each magnet,
the position errors and the average distances are normalized by dividing by
the magnet radius. Linear regression information on the common log of the
errors, with standard errors, is provided to describe the variance of the data.
The errors correspond to each individual 8 mm diameter magnet as the four
magnets are tracked simultaneously (compare with the 8 mm diameter magnet
tracked individually in Fig. 3A).

8 mm, and 16 mm, as well as while tracking two, three,
and four 8 mm magnets simultaneously (see Fig. 5). When
tracking magnetic disturbances for the individual magnets with
diameters 2 mm, 4 mm, 8§ mm, and 16 mm, the mean errors
of the magnetic disturbances were 1.25%, 1.24%, 2.52%, and

8.92%, respectively. While tracking two, three, and four 8 mm
magnets simultaneously, the mean errors were 4.00%, 5.90%,
and 7.93%, respectively. In summary, the algorithm was able
to successfully track disturbances in real time for individual
magnets ranging from 2 mm to 16 mm in size, as well as for
simultaneous tracking of four magnets at the fixed size of 8
mm. These results underscore the applicability of the algorithm
for the cancellation of magnetic disturbance fields in mobile
applications comprising magnets of different size and number.

IV. DISCUSSION
A. Analysis of Results

Our objective was to show that multiple magnets can be
tracked with low latency for mobile tracking applications and
to characterize the error associated with our magnet tracking
system. The tracking latency of this algorithm increases as
O(M 3+ M?2N), where M is the number of magnets and N
is the number of sensors [46]. Thus, though Fig. 2 shows
how tracking latency increases with number of magnets,
additional sensors would also increase the tracking latency.
Tracking error on the other hand, typically decreases with
an increasing number of sensors [38], resulting in a trade-
off between tracking latency and tracking error. As reflected
in Figs. 3 and 4, sensor noise limits the distance from the
sensing array because of decreased signal-to-noise ratio, due
chiefly to Johnson and flicker noise from the magnetic field
Sensors.

At closer range, tracking error is more dependent upon the
validity of the dipole model. The dipole model can be applied
to nonspherical magnets with differing levels of accuracy
[47], but we have chosen to track spherical magnets because,
when magnetized uniformly, they are exactly described as
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Fig. 5. Measured vs. Tracked Disturbance. Vertical black lines describe the
magnetic field disturbance as measured before the introduction of permanent
magnets to the system. The distributions describe the three components of
magnetic field disturbance (blue, orange and green for disturbance in the X, y,
and z directions, respectively) as tracked by the algorithm for the individual
magnets with diameters 2 mm, 4 mm, 8 mm, and 16 mm, as well as while
tracking two, three and four 8 mm diameter magnets simultaneously.

dipoles [17]. However, in practice permanent magnets are
not magnetized with perfect uniformity. This magnetization
inhomogeneity causes the field from a magnetic sphere to
differ from that of a perfect dipole, and this contributes to
the tracking error observed close to the sensor array.

In Figs. 3 and 4, linear fits of the common log of the errors,
with standard errors, represent the error as distance from the
sensing array increases. The intercepts roughly suggest the best
accuracy that can be achieved with the given sensor geometry
and sensor noise level, though in practice zero average distance
to all sensors cannot be achieved. The slopes of these linear
fits represent how error increases as distance from the array
increases. Normalized magnet-magnetometer systems corre-
sponding to smaller magnet radii have lower slopes but higher
intercepts, suggesting that sensor array geometries of greater
normalized width (i.e., those corresponding to sensors that
are farther apart or magnets that are smaller) allow a larger
tracking volume for a given minimum accuracy at the cost of
reduced maximum accuracy.

As shown in Fig. 4, when tracking four magnets at once the
linear regression fits of the log error have higher slopes, but
the intercepts are still low. This suggests that multiple magnets
can be tracked with high accuracies at close range using this
algorithm, but that with multiple magnets the accuracy drops
more quickly as the magnets are moved away from the sensors.

When tracking the disturbance field (see Fig. 5), the al-
gorithm was not initialized with any information about the
ambient field. This shows that the tracking algorithm is able
to detect in real time a spatially uniform disturbance field
without prior knowledge of the field. Though a static sensor
array configuration was used for validating accuracy in this
investigation, the algorithm is capable in principle of tracking
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the disturbance field even when the sensor array varies in
position and orientation and the field varies temporally. Such
tracking robustness suggests this algorithm can be applied to
mobile applications.

B. Applications

This work makes possible new high-bandwidth applications
for magnet tracking. For example, real-time high-bandwidth
magnet tracking enables improved position feedback for
closed-loop control, such as for robotics, multi-degree-of-
freedom magnetic levitation, low-latency augmented and vir-
tual reality human-computer interaction, and high-fidelity con-
trol of prostheses and exoskeletons. Further, this work can be
applied to real-time body motion capture using multi-degree-
of-freedom magnet-based goniometry at multiple joints, or to
detailed facial tracking using a large number of small magnets.

C. Limitations and Future Work

This work is limited to five-degree-of-freedom pose tracking
for each magnet. This is because the magnetic field of an
axially symmetric magnet is also axially symmetric, and
thus its orientation can be specified from its magnetic field
with no more than two parameters. Previous work demon-
strates six-degree-of-freedom pose tracking using multiple
non-symmetrically attached magnets on a rigid object [48].
The implementation of an analytic Jacobian matrix for six-
degree-of-freedom pose tracking via constrained equations is
an important area of future work and has immediate ap-
plications to tool-tracking in augmented and virtual reality.
Previous work has also shown six-degree-of-freedom tracking
of a sensor array relative to a single magnet, but this requires
the use of an inertial measurement unit (IMU) [49]. Using
multiple non-symmetrically fixed magnets, as in [48], a sensor
array could be tracked without the need for an IMU. For
applications where tracked devices can be powered, this would
facilitate the independent high-speed tracking of several sensor
arrays without a marginal cost in tracking latency.

This work is also limited to the tracking of spherical mag-
nets or to the tracking of nonspherical magnets at far field. To
accurately track nonspherical cylindrically-symmetric magnets
(e.g., axially-magnetized cylinders) at close range, the use of
higher order multipole expansions should be used. Previous
work has implemented an analytic Jacobian corresponding to
higher-order multipole expansions, but their derivation requires
a zenith-length constraint which may affect the optimization
convergence [29]. It should be investigated whether or not
these higher-order multipole expansions can be reparametrized
in terms of two orientation parameters. If so, it is expected
that common subexpression elimination could be applied to
these higher-order multipole expansions to achieve similar
improvements in real-time tracking bandwidth.

Because the algorithm attempts to fit both a uniform field
and one or more dipole fields to the magnetic field data, the
uniform component of the magnetic field not accounted for by
the dipole models is erroneously seen as part of the disturbance
field. The size of this magnetic field not accounted for by the
dipole model increases with increasing magnet diameter for a
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given percent error in magnetic dipole strength measurement,
as well as for a given magnetization inhomogeneity. As seen
in Fig. 5, this means that larger magnet diameters result
in larger deviations in the predicted disturbance field. This
suggests that this work is limited in the accuracy of its
measurement of magnetic dipole strength. The accuracy of the
magnetic dipole strength measurement could be improved by
combining multiple magnetic field measurements into a single
optimization, as in [50].

The disturbance compensation implemented here assumes
that the magnetic disturbance field is spatially uniform, so the
spatially nonuniform components of the disturbance were not
accounted for. These nonlinear components could be corrected
for by introducing spatial gradient terms in each dimension
(at the cost of higher complexity), but the effect of nonlinear
disturbance compensation on tracking accuracy would need to
be investigated.

This work did not investigate the tracking of multiple mag-
nets of different sizes, nor did it investigate the tracking accu-
racies or tracking latencies associated with different numbers
of sensors or different sensor geometries. In particular, optimal
sensor geometries should be a focus of future investigation.

V. CONCLUSION

In this paper we derived the analytic Jacobian matrix for
magnetic dipoles and demonstrated a dramatic increase in
magnet tracking bandwidth without compromising for accu-
racy. This increase in bandwidth allows for the tracking of
multiple magnets in real time while compensating for ambient
magnetic field disturbances. While, at near field, this method
only tracks with high accuracy for spherical magnets, we hope
that future researchers can leverage our derivation to develop
high-bandwidth magnet tracking algorithms for other magnet
geometries.
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Fig. 6. Tracking latencies for simultaneous tracking of one to four
magnets. Tracking latencies are shown for tracking one, two, three, and
four magnets at once. Histograms represent tracking using Jacobian matrices
calculated numerically (orange), analytically (purple), and utilizing common
subexpression elimination (green).
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